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A Green’s-function method is used to determine the spin-wave energy at finite temperatures
in the itinerant model for a ferromagnet. The formalism, which was developed in a previous
paper, is based on the f-matrix approximation in a one-band model, using the Hubbard Ham-
iltonian. Within this approximation, a formal expression is obtained for the spin-wave dis-
persion relation valid for all values of the wave vector g in the low-density limit. From
this, the spin-wave energy at low temperatures, expressed in the form C,= CTTZ, is evaluated
for a fec lattice with first- and second-neighbor interactions. The value obtained for Cyp, using
a reasonable set of band parameters, is consistent with that obtained experimentally.

I. INTRODUCTION

In a previous paper® (hereafter referred to as I),
the formalism for calculating the transverse spin
susceptibility was developed for the case of a one-
band Hamiltonian given by
H= % €ralag, +V . 4?_, . “%1 R ab, .4 g,

17 kg0 (1.1)
Here the operators a;r-w , aj, create or annihilate an
electron in a band state of wave vector K and spin
0, whose energy is €;. The quantity V describes
an interaction between electrons of opposite spin
on the same site. It is positive and may be large.
There we summed up all the relevant diagrams
within the {-matrix approximation for the self-
energy ¥ and the transverse susceptibility x(@, )
defined by

x@, ) == ((T[s'@), s@1)) , (1.2)

-’ T
where S(q)=YE RNCT

and the double angular brackets denote expectation
value with respect to a grand canonical ensemble.
The pole of the Fourier transform of x gives the
spin-wave energy. We also gave an explicit ex-
pression for the spin-wave energy at zero temper-
ature under the assumption that the ¢ matrix was
constant and indicated the procedure for the finite
temperature case. In this paper we shall carry
out the calculation for the finite temperature case
in detail and shall apply our formalism to the case
of a model band structure described in Sec, IIIL.
The Hubbard Hamiltonian? given in Eq. (1.1) has
been studied by many authors?™*; the merits and
disadvantages of this Hamiltonian within the itin-
erant model are discussed by Herring.® Recently,
Roth® used a decoupling technique to calculate the
self-energy. In the low-density limit our result
obtained in Sec. II is very similar to that obtained
from Roth’s improved approximation,’ Also Roth’s
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result appears to have a self-consistency which
we omit for the sake of simplicity. As pointed out
by Roth, the self-energy is really energy depen-
dent; one of the purposes of this paper is to cal-
culate this energy dependence and to see how much
the spin-wave energy is modified by this dependence.

The spin-wave energy has been calculated by
several authors. Izuyama and Kubo® derived an
expression for the spin-wave energy within the
random-phase approximation (RPA), and Mathon
and Wohlfarth® evaluated it for a simple cubic lat-
tice. However, as discussed in I, the RPA en-
counters serious difficulties when the interaction
constant V becomes large. Callaway'® has calcu-
lated the spin-wave energy using an expression
derived by Edwards.'! However, Edwards’s ex-
pression is only valid for absolute zero; one of the
goals of this paper is to extend Callaway’s calcula-
tion to finite temperatures.

Experimentally, Phillips!? has measured the
temperature dependence of the spin wave in iron
using a spin-wave resonance technique, and more
recently Stringfellow!® measured the spin-wave
energy of both iron and nickel by means of neutron
scattering. For iron, he obtained the following
numbers for C:

C=(314+10)- (1.6+0.5)x1077?
+(5.7+2,2)X107°T%% meV A% ; (1.3)

for nickel the numbers are a factor of 1.75 higher.
The term in 7%2 arises from spin-wave interac-
tion effects (see, e.g., Ref. 8) and is beyond the
scope of this paper. However, it appears from

Eq. (1.3) that this term is two orders of magnitude
smaller than the 7% term. Since there is no 72 in
the Heisenberg model, it would appear that a rea-
sonable prediction of the coefficient C; of T% should
provide good support for the itinerant model, Since
the actual band structure of nickel or iron consists
of several complicated overlapping bands, one
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should not hope to obtain strict agreement between
our one-band model and experiment, However,
we shall see that the model band structure we
have chosen is not too unrealistic, since;we shall
be able to predict the sign and the right order of
magnitude of Cr.

In Sec. II we review the Green’s-function tech-
nique given in I and calculate a general expression
for the spin-wave energy. In Sec. III we calculate
the various quantities by introducing a model band
structure, Section IV deals with the calculation
of the spin-wave energy and its temperature de-
pendence., Finally, in Sec. V we discuss the re-
sults obtained in the calculation,

II. GREEN’S-FUNCTION TECHNIQUES

The transverse spin susceptibility and hence the
spin-wave energy is calculated using the tempera-
ture Green’s functions developed by Abrikosov,
Gor’kov, and Dzyaloshinski.!* The results for the
absolute zero case and the prescription for gen-
eralizing them to the finite temperature case were
given in I, Following this prescription and the
notation of I, we have for the self-energy o(%) the
expression

D¥()=tk+1,)GA(1,), (2.1)
where t(K)=[(1/V)- §(K)]* (2.2)
and  §(K)=-G¥(e)GHE~R,) . (2.3)

The variables k, K now denote the four vectors
(K, iw) and (K, iQ), respectively, where k and K
are wave vectors in the Brillouin zone and
w=(2n+1)rT and Q= 2n7T are the frequency vari-
ables, We have chosen units so that Boltzmann’s
constant is unity and measured all our energies
from the Fermi level. Also, as in I, all subscripted
variables are to be summed over,

The single-particle Green’s function satisfies
Dyson’s equation:

G r)=Gy (k) -2 (k) ,
where Gy(k)=1/(iw - e;) .

(2.4)
(2.5)

At finite temperatures we shall also have a
self-energy correction to the up-spin electron -
which is given by an expression similar to Eq.
(2.1); however, this correction is small: for sim-
plicity we shall neglect this in our calculation,
i.e., we assume G4(k)= G 4(k).

A first approximation to G(K) is obtained by sub-
stituting G, for G in Eq. (2.3). Thus we have

SK)~=TY, 2 [1/liw - €)][1/6GR - iw - eg p)].

(2.6)

Performing the sum over w, we obtain

9(K)~Z1 ndi Tl 20 @.7)

R-e;-€g;

For self-consistency, we should really use the G+
given by Egs. (2.4) and (2, 1) in the calculation

of G. This, however, would give a complicated
self-consistent set of equations which renders the
problem unmanageable. Qualitatively, the self-
consistency modifies the single-particle energy
€z and hence the occupation number f;,, A simple
calculation in the RPA indicates that the down-spin
energies €j, are raised relative to the up-spin
energies and that this spin splitting is of the order
of the Fermi energy €,. We shall therefore as-
sume that the down-spin energy is shifted above
the Fermi level and also restrict our temperatures
T for which f;, ~0, i.e., to temperatures smaller
than the spin splitting, Within this approximation
we have

U S o & S (2.8)

8(K, iQ) ~
’ e->eF Q-eg—€gi

From this expression for §, we can evaluate (k)
and hence the self-energy =(k). Writing the sum-
mation explicitly for Eq. (2.1), we have

=)= TZt(k+I€’,zw+zw') .

B w! GE:

(2.9)

The summation over w’ is performed by means of
the Poisson summation formula, i.e.,

>(k)= - (1/2m) Z_:, j‘cdz

(2.10)

The contour C encloses the poles of f(z) along the
imaginary axis. In the deformation of our contour,
we shall pick up the pole at €3 and the singularities
of £, The analytic behavior of ¢ is the same as
that for §. From Eq. (2.8), we see that $ (K, z)
has a branch cut along the real axis from 0 to .,
t(K, z) will also have this branch cut, However,
because we are at low temperatures, the function
f(z) will vanish along this branch out, Hence the
only contribution to the integral (2, 10) will come
from the pole z=¢€;.. Therefore,

>(k) = Z tR+R, dw+ep)fleg) .
k

Xt®+K, iw+ 2)[ f(2)/(z - ;)] .

(2.11)

With the expression for Z(k), we can calculate the
Green’s function G and then the transverse suscep-
tibility ¥(¢). From I we have
x(@)=GA(k,)G (ks + @) = GA(R))G ¥ (Ry + q)
X TRy, B+ @)GA(EDG V(R + q) (2.12)
where T'(, k'+q)=t{k, k' +q)-t(k, ky+q)

XGAE,)G ¥y + Q)T (g, ¥ +q). (2.13)
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We have made the appropriate modifications for
finite temperature. If we define

X 2(q)= G4 ()G ¥+ q)

and  x,(q)=x"(q) - x> (@)T (&, k1+q)x‘°’(q) ,

we may write

x(q)=Zk Xe(@) .

By means of Eq. (2.13) for I, we can rewrite the
equation for y,(g) as

Xelq)= x“”(q)—xﬁ‘”(q)t(k+k1+q)x,,l(q) . (2.14)

However, we can simplify the problem by analyz-
ing what values of % go into Eq. (2.14). We con-
sider the x°) terms, Define

xq) =2 x(q)= (- 1/2m) 2. | dzG(K, z)
k k c

(2.15)

In the integral over z we have a contribution from
z=€, This contribution is proportional to f(e,).
Since we are in the low-temperature limit we have
€, <€p. A similar argument may be made for the
other term in x(¢g). Therefore, we are interested
in solution x,(¢), whose frequency variable iw, is
below the Fermi energy. Now, in the low-density
limit, €5 is very small, From Eq. (2.8), we ex-
pect that 'g(K) and hence #(K) are insensitive to
small variations (<€) in the variable {2, There-
fore, we shall approximate the ¢ matrix in Eq.

(2. 14) by an average ¢ matrix defined by

tr+q)= (l/p)Z,f(éi,)t(l? +k+4, € +iw+1Q,)
kl

XG¥(K+q, 2+iQ)(z) .

(2.16)

where p =§f(€;) (2.17)
is the density, Note that from Eq. (2.11) this
average ¢ is related to the self-energy by the
equation

te+q)=1/p)Z(k+q) . (2.18)
Our equation for y,(¢) now reads
Xel@)= @) = XV @y + @)/plxe () . (2.19)

The solution of this equation is easily obtained. It
is given by
©)(g)

X
1+ ka(q)z(kl +q)/p

(0)(q)
1+x(°’(q)2(k1+q)/p ’

x:(q)=

Thus x(q)= (2.20)

where x®(¢) is given by Eq. (2.15).
The energy of the spin wave is now given by the

pole of the analytic continuation of x(¢). We con-

sider the denominator D(g), given by
D(g)=1+ (l/p)x“”(q)‘z,(k1 +q)

S Ve

S+ §, iw+iQ,)
1w+, = €p.g —Z)(f{'+q, W+,

Performing the summation over w, we have

, 1 flepz(k+q, €z+iQ,)
D(g, i2,)=1 +E~E €i_€1'<+8+m“— zk+4, €§+iﬂa)

k

The analytic continuation is easily obtained by re-
placing iQ, by q,. Putting D(q, ¢,)=0, we have

. -Z fle)Z®+G, €;+q,)

€~ €zt do - »E&+7, € +4q)
This is the dispersion relationfor the spin wave for
a general ¢ at finite temperature and is the gener-
alization of Eq. (2.19)in 1. For small §, g, we
may expand the energies €;,; in the usual fashion
and, neglecting the g, dependence in £, we have

go= DL DG V%ei- (G- ver)/ 2®/2(E) | (2. 22)
0 2; fle;) /2 (k)
where we have written = (k) for (&, €;). For
cubic crystals we may write
2%=Cq" ,
where
ool D) Viei - 21V6;1%/2 ®)]/2 ()
6 3 flex)/2 ()
This expression reduces, in the limit of 7=0 and
(k) constant, to that obtained in I. Because of
the k or energy dependence of 2(&), the spin-wave

energy coefficient appears in a more complicated
form.,

. (2.21)

. (2.23)

III. SELF-ENERGY WITHIN MODEL BAND STRUCTURE

From Eq. (2.23) it is seen that the calculation
essentially reduces to a calculation of the self-
energy = (k) given by Eq. (2.11) with €; replacing
iw, i.e,,

E(E):Z tR+K, eg+eq)fleg) . (3.1)
kl

For sufficiently low temperature 7 we may extract
its dependence by the following procedure, Defin-
ing the quantity P(k, €’) by the relationship

PR, €)=2 t(K+K', g+ ep)o(ep —€’),  (3.2)

T

we may write

k)= j“’ P(K, €')f(e")de’ (3.3)

where — €, and W denote the bottom and top of the
band., Assuming T' <€, we may expand the right-
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hand side of Eq. (3. 3) in powers of T by the stan-
dard methods.!® Thus, we have

(nT)?
6 d '

(E’ 5')] €'=0
(3.4)

The lower and upper limits of the integral are,
respectively, the bottom of the band and the Fermi
level, The zero indicates that we have measured
all our energies with respect to the Fermi level,

The function P is still temperature dependent
through £, By an analogous procedure, we can ex-
pand ¢ as a power series in 7. For if we define the
quantity Q(K, z, €) by the equation

QE, z, €)= 25—_(6 - e)bleg.y)

Z-€;—€p; ’

(k)= J P&, €')de’ +——

(3. 5)

where we have restricted the energies €g_; to above
the Fermi level by means of the 8 function given
by
6(x)=1 for x>0
=0 for «x<0,
we have from Eq. (2.9)

(nT)? a
6 d€

S(K, 7)= (K, 2) - QE, z, €|,
Substituting this into Eq. (2.2) and expanding to
second order in 7', we have

(WT) 4a
de

tR, 2)=1,&, 2) - BE, 2)=— Q&, z, €)| ..
(3.6)

In the above and the following, the subscript 0 de-
notes the value of the quantity at absolute zero.
This expression for { may now be substituted into
Eq. (3.2) to give

Pk, €)= Py, €)
—_ % (’H'T)z§ 5(6? - €I)t(2)(E+E’, €]-;+ €'}E')
d -~
o QE+K', -+ €pr, oo . (38.7)
The self-energy may now be written as
oK) =2,®) + L (1T)?S(K) , (3.8)
where S(k)—-—Pg K, €)e-0

- E(Otg(k-l-i;', €~k'+ €;:)
€pe

L QErE, ety oy, B.9)

Expressions (3.8) and (3.9) are quite general for
the one-band model. However, the expressions
themselves, let alone their computation, are be-
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coming unwieldy. It is appropriate at this point
to introduce a model band structure and to see
whether any simplifications may be obtained within
this model energy band.

The band energy €; is assumed to be of the form

€g=Ey+E (cosk.a costkya
+costkya coszk,a+costk,a coszk.a)
+ Ey(cosk,a+coskya+coska)—€p . (3.10)

This describes an s-like band which includes first-
and second-neighbor interactions in a fcc lattice
(Fig. 1), This model band structure, which has
been used by Callaway, '° contains three arbitrary
coefficients E,, E;, E, as well as the lattice con-’
stant @ and Fermi level €., However, only the
ratio R=E,/E, and €, are essential to the calcula-
tion since £, may be chosen so that €,+€,=0 at

the minimum of the bands, i.e., - € is the bottom
of the band. The structure of the above band struc-
ture and its dependence on R is discussed in detail
in Ref. 10, which also shows a typical curve for the
density-of-states function N(e), This curve, which
corresponds to R=0.1, is reproduced in Fig, 2.
The unit of energy in this figure and in all our cal-
culations is taken to be E;, Since the bandwidth is
about 4E,, we are essentially measuring all our
energies with respect to the bandwidth W,

Since we are dealing with a low-density system,
i.e., a system for which €, < W, we are mainly
interested in the behavior of N(e) for small €.
From Fig. 2 it is seen that N(e) starts from zero
at the bottom of the band and increases linearly
to a peak at a point about 0.1-0. 2 from the bottom
of the band. In his calculation, Callaway'® con-
cluded that ferromagnetism is favored when the
Fermi level is near the peak of the curve N(e) and
that this band structure should be a fairly good rep-
resentation of the actual state of affairs in Ni.

Even though we can do our calculation for a range
of values for the parameters R, €5, and V, it is
not now feasible because of the large amount of
computer time required, This is apparent from an
expression like that for S(K). Therefore, we shall
use a representative set of values of these param-
eters which we hope will give a good indication of
the band-structure effects. Based on the calcula-
tion done by Callaway we choose R=0.1, €,=0.15,
and V=5,

With these parameters one can proceed to cal-
culate numerically the various quantities like
t,(K, 2) and Z,(K). The calculations were done on
an IBM 360 computer model 65. They were done
in the standard fashion, using a cubic mesh inside
4 of the Brillouin zone, Each mesh point was as-
signed an appropriate weight according to sym-
metry. The accuracy of the numerical calculations
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FIG. 1. Brillouin zone for the fcc lattice. Points and

lines of symmetry are indicated.

is determined by the number of mesh points at
which the integrals were evaluated. Although the
density of states N(e), the Laplacian, and the
square of the gradient function can be done with a
mesh in which the point X (see Fig. 1) was assigned
the coordinates (64, 0, 0) and which contains 24 225
points in the basic % of the zone, it is impractical
to calculate { and T with the same large number of
inequivalent points because of their momentum de-
pendence. For these, a mesh with 89, or when-
ever practical, 505 equivalent points were used.
Because of the above computing difficulty and
the need for some simple expressions for ¢ and Z,
some approximations must be made, From a de-
tailed calculation of the ¢ matrix at absolute zero,

20 |~
0.15
10 =
< 0.10 W°
S
Q
o
0,05
-0 |-
1 1 ]
-0.15 -0.10 -005 0
€
FIG. 2. Density-of-states function for model band
structure. The energies are measured from the bottom

of the band. The position of critical points in the band
structure is indicated. This figure is taken from Ref. 10.
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it is found that £(K, z) varies very slowly with the
total momentum K, and that the self-energy =(K)
is fairly insensitive to the values of K in (&, z).
This is not very surprising since K is the sum of
two momenta K, and Ez which must both lie under
the Fermi level. Because of the low density, most
of the values of K are centered around K for which
€; is a minimum,

Therefore, we make the approximation

&, z)~t([K, z)=t(z) for all K, (3.11)

where I'{—' denotes some average total momentum
K. The value we shall use.for K is the value cor-
responding to the point X for want of a better

guess. A similar approximation is made for the
quantity Q(K, z, €), i.e.,
QEK, z, €)~Q(z, €) . (3.12)

With this approximation, our formulas simplify.
Our functions P, Z will depend only on K through
the energy €;. Thus we abbreviate:

/)= 2(e)) =2(e)=Dyle) + § (1T)?S(e),  (3.8")
where 20(€)= Jtole+€")N(e") ae’ (3.13)
and S(e)= 7o [to(e+e’)N(e')]

—/ds’N(e’)tS(e+e’)
L e e 6

The calculation for Z(e) and hence for the spin-
wave energy is still not practicable unless one
has analytic expressions for the various quantities
since one needs to take derivatives. In other
words, one needs to fit these quantities to some
simple functions.

We consider the quantity Q(z, €) given by

0z, €) Z (ex-€)0(eR)

—€~—€ -
K"k

(3.5")

Since we have chosen K to be X= (27/a) (1, 0, 0),
we have

€3 ;=€;~ 2, coszk,alcoszkya+ cosik,a) .

Thus the denominator has a dependence of

z— 2€ - c, where c is a correction term. Because
of the strong restrictions on €; and €s_. this cor-
rection is expected to be small, Therefore, we
should expect

Q(z, €)~2b/(z-2¢~¢), (3.14)

where b and ¢ are to be determined from a detailed
calculation. An accurate determination of Q(z, €)
demands a huge amount of computer storage and
time. However, a rough computation of @ using
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505 nonequivalent points in the 7y of the basic Bril-
louin zone did indeed show the desired dependence
although the values for b and ¢ were not very re-
liable because of fluctuations and noise,

We assume that we do have this dependence for
@ and compute the ¢ matrix, From Eq. (2.2) we
have

to(z)= [I/V— 90(2)]-1 ) (2. 2')
4 w  de
where GO(Z)-fo Q(Z, €)d€—2bj; ;*2—:(;
=_meWH: Z——bln 2 ,
Cc—- cC—-2z

where the last equality is obtained by neglecting
¢ - z with respect to the bandwidth W, Thus, #,(z)
becomes

to(2)={t/V+bm[2w/(c - 2)]}* . (3.15a)

From Eq. (3.15a) we verify that #,(z) does indeed
have a branch cut along the real axis from ¢ to e,
where ¢ ~0.

Because #,(z) is an integrated quantity it is less
susceptible to fluctuations and noise arising from
using too coarse a mesh in the numerical computa-
tions. In Fig, 3 is shown a plot of the computed
t matrix using a mesh with 505 nonequivalent points.
This is drawn as a full line, Also shown is a
dashed curve, which represents Eq. (3.15a) with
appropriate values for b and ¢. The values found
for b and ¢ which fit the computed curve best are

b=0.1925, c=0.03. (3. 15b)

Therefore, the almost exact fit between the com-

- 05

-0.25 —01.20 —Ol.lB 2 -(;.IO -OL.OS [¢]

FIG. 3. ¢ matrix as a function of energy z. The full
line is the curve obtained from an exact numerical cal-
culation whereas the dashed line denotes the curve ob-
tained from Eq. (3.15a). The dashed line coincides
with full line where only the full line is shown.

2
1.5
s
1.0~ I
. x'..‘.
N(e)| = ™,
sk I
A L%,
0
w
FIG. 4. (a) Full line represents Z, and was drawn

from Eq. (3.16).
from an exact numerical calculation.
temperature-dependent part of T (¢).

The points represent values obtained
() v (€), the

puted ¢/ matrix and approximate ¢ matrix given by
Eq. (3.15a) shows that the exact ¢ matrix does have
the behavior given in (3. 15a) and that the cutoff c,
which allows for the finite total momentum, is in-
deed small. To convince ourselves that this fit is
not accidental we calculated the ¢ matrix for a dif-
ferent value of €; there again we found the pre-
dicted behavior. We shall therefore use Eq. (3.15a)
as a faithful representation of the actual ¢ matrix.

We also observe that although there is a definite
dependence of the { matrix on energy, this depen-
dence is very slow, as can be seen from the figure.
In I it was actually assumed that the { matrix was
constant. It will be shown in Sec. IV that this ap-
proximation is very good for the spin-wave energy
at absolute zero since the { matrix occurs as part
of integrals where the other factors multiplying it
are very rapidly varying. For instance, with ex-
pression (3. 15a) for the ¢ matrix we may now eval-
uate the self-energy at zero temperature by sub-
stituting for ¢, into Eq. (3.13). From Figs. 2 and
3 we see that N(¢) is very rapidly varying com-
pared to #;,, and we may take the latter out of the
integral, Thus

Zol€) = [ tole+ €' IN(e’)de’ ~to(€) [Nle')de’ = to(e)p,

(3.16)
where p is the density. Figure 4 gives the com-
parison between the actually computed =,(k) and
that obtained from (3. 15a) and (3.16). This figure
confirms (i) that the self-energy is dependent only
on energy and (ii) that our approximate form
[(3.15a)] for ¢ is correct.

From Egs. (3.15a) and (3. 14) for ¢, and @ we
may now compute the temperature correction to
=(e). Substituting for @ and differentiating, we
have from Eq. (3.9")
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S(e)=t,(€)N"(0)+ N(0)¢' (€) - 4b f tale+ €')N(€')cge'
(c—€-€")
~ £,(€)N" (0) + N(0)¢' (€)= 4DE2 %

when the second equality is obtained by taking tg
out of the integral because of its slow variation
compared to the other functions. With the expres-
sion (3.16) for Z,(€) we may write

z(e)= Eo(e)[l "é' (WT)Z'Y(G)] ’
where

y(e)—— 4bt°(€)j'

(3.17)

edde —N’(O)—N(O)—Q‘—t,(e)> ,
-¢') to
(3.18)

where N(0) and N’(0) denote the density of states
and its derivative at the Fermi level.

With the assumed form of the density of states
given by Eq. (4.3) the function y(¢) may be evalu-
ated and is shown in Fig, 4. We note that although
Zol€) is slowly varying with respect to €, the func-
tion y(€) is very rapidly varying and cannot be
taken from under an integral sign.

IV. CALCULATION OF SPIN-WAVE ENERGY

We shall now return to the evaluation of the spin-
wave energy g, given by Eq. (2.23). The self-
energy function =(k)=Z(¢;) has been calculated in

Sec. III. We still need the functions I(¢) and g(e)
defined by
Ue)=22 Viesdlez—€) , (4.1)
k
(4.2)

and g(€)=2 2| vez|26(ez—€) .
k

The functions are evaluated with essentially the
same program that is used for N(e). Since the ex-
pression for the spin-wave energy is dominated by
the functions N(e), I(€), and g(e), these must be
evaluated very accurately. Therefore, a mesh
containing 24 225 nonequivalent points was used.

It is found that for the range of energies between
the bottom of the energy band and the Fermi level,
the functions N(e), I(€), and g(e) may be fitted by
simple algebraic functions:

N(€)=N(O)1+¢€/ep) , (4.3)
Ie)=rd?e+€p) , (4.4)
gle)=naPle+ep? , (4.5)

where a is the lattice constant and the constants
N(0), A, and 7 turned out to be 1.8, 4.6, and 4.4,
respectively, for the value of the parameter R
chosen, Compared to Z,(€), these functions are
very rapidly varying, We may therefore take
Zo(€) out of the integral sign whenever it occurs

with one of these in the integrand without any ap-
preciable error. We shall use this approximation
in the following calculation.

In terms of the above functions we write the
spin-wave energy constant C given in Eq. (2.23)
as

1 Ue)-gle)/=(e) / (v fle)N(e)
c-GLF(f() o /j LS de)ae.

(4.6)

At absolute zero we substitute , for = in Eq. (4.6)
and replace the Fermi function f(e) by an ordinary
step function at the Fermi level, and using the
argument of slow variation above we have

Co=(1/60)(11_lg/20) ’
where I,= [I(e)de, I,= [gle)de .

4.7)
(4.8)

This is exactly the same result as found in I,
Note that for the rest of this section we shall omit
the limits in the integrals for brevity, it being
understood that the integrals are taken from the
bottom of the band - € to the Fermi level 0.
For finite temperatures we use Eq. (3.17) for
% and using the same procedure for expanding the
expressions in powers of T, we have

C=[Ag+Ary (nTV)/[By+ Byt (nT)] (4.9)
where Ay=(1/Z ), = 1,/Z,), (4.10)
1(e)y(e) g(€)y(e)

ATJ- Zy(€) -2}- z5(e)
[ Ue) (€)
+d€<zo(€)—~z;i(2)—(—€_))e=o ) (4.11)
By=6p/Z, , (4.12)
o[ Nle)yle) . d /Ne)
and BT“‘J To(€) +6d€(20(e)>6=0 (4.13)

Again expanding C to the second power in 7', we
have

C=Cy+ C,T?, (4.14)
Cr=(m/6By)(Ar ~ CyBy) . (4.15)

If we substitute (4.10)~(4.13) into Eq. (4.15) we
shall obtain a very complicated expression for Cy.
However, the expression simplifies somewhat if
we assume that I(e) and N(e) are proportional, as
implied in Eqs. (4.3) and (4.4). Also, we may
remove the =, from the integrals because of its
slow variation. After some algebra we obtain

where

Cp=(1/36pz){CV+ C® 4 C®}, (4.16)
where C=-g'(0)+I,N'(0)/p , (4.17)
Cc® =24 [24(0) - 1,N(0)/p]Z, , (4.18)
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C®=-2+LL/p ; (4.19)
{1=j'g(e)y(e)d€, I,= [ N(e)y(e)de; (4. 20)

and the primes denote differentiation, The argu-
ment zero shows that the function is to be evaluated
at the Fermi level. The contribution coming from
C" is that which will be obtained if the self-en-
ergy is constant and independent of temperature.
C® gives the contribution coming explicitly from
the energy variationof Z,. Itis notedthat although
we may neglect the energy variation of %, in cal-
culating integrals, we cannot neglect this varia-
tion within a derivative. The contribution C®’
comes from the temperature dependence of 2.
Substituting the expressions (3.16), (3.18), and
(4.3)-(4.5) for the functions Ty, ¥, N, I, and g
and performing the integrals, we obtain '

W _ &2
Ci==-3naep ,

C®=—fnaepblyer/c (4.21)

C®= g natep{[F(c/ep)—ep/cloty~ 3},
where the function F(x) is given by
F(x)=1/x+ (10+ 33x+ 25x%+ 4x°) In[(1 + x)/x]
-4 = Tx = 2(3+ 20)(2+ x)? In[(2+ x)/(1 + x)].

Apart from a common factor, the contributions
from €V, C®| and C® are, respectively, 1,
bloer/c, and bty(F—ep/c)~ 1. Substituting the
appropriate values for the parameters we have
approximately

c:c®:0%::1:0.8:0.25 . (4.22)
It is apparent from these numbers that the three
contributions are comparable in magnitude, There-
fore in calculating the temperature dependence of
the spin-wave energy the variation of the self-
energy with respect to the energy cannot be ne-
glected.

Substituting for ¢V, C®, C¢® in Eq. (4.16) we
have finally

Cp=~ (Tnepa?/54p2,)[1+ 20ty Flc /ez)] .

We should point out that almost all the integrals
may be done exactly with the Zy(¢) left inside the
integral sign. However, the expressions obtained
are very cumbersome and do not differ appreciably
from the approximate ones given above,

(4.23)

V. RESULTS AND DISCUSSIONS

Although the spin-wave energy has been mea-
sured by Stringfellow®® for the cases of iron and
nickel, one cannot strictly compare the results of
our calculation with the experimental results since
the one-band model is a gross simplification of a
real metal. For instance, in nickel the actual

band structure is characterized by a complex sys-
tem of overlapping bands, However, calculations
done by Callaway'® have shown that the one-band
model we have used is not too unreasonable pro-
vided that there is a suitable peak in our density
of states.

Before comparing the temperature dependence of
C with experiment, it is instructive to compare our
results with those of Callaway'® for the absolute
zero case. Since we use exactly the same band
structure as Callaway, a meaningful comparison
would be our self-energy and the quantity U(%) used
in his calculation, Callaway based his calculation
on an expression given by Edwards, !* which coin-
cides with our expression if we identify his U(ﬁ)
with our Z(k) and assume slow variation of (&)
with energy. In his calculation Callaway assumed
a constant ¢/ matrix. A look at our Fig. 3 or 4
shows that Callaway’s assumption of a constant ¢
matrix is essentially correct, Also Callaway has
simplified his calculation to infinite V., With the
same set of parameters for R and € he obtained
a l, of about 1.19E,, If we put in our value of V
into his calculation, his ¢ matrix turns out to be
0.96E;. From our figure we see that both of these
mumbers lie within our variation of £, We see
therefore that it is reasonable to use a constant
value for ¢ in the zero temperature calculation.
Provided V> W, the ¢ matrix varies rather slowly
with respect to the interaction constant V.

In all our calculations the energies have been
measured in units of E;. In conventional units,
the expressions for C, and C, are

_ L 2 fX MR\
co_6peF(2 320>a E, , (5.1)
_ 7727751«‘ zf"ji
CT"54pzo “ (1+ 2btF), (5.2)
Cr ™7

Theref —=-
erefore G 9,7, (D= ne,/35y)
Substitution of our parameters into the expres-

sion (5. 3) leads to a value of C,/C, given by

Cp/Co~—-400(ky/E)? . (5.4)

If we take E, to be of the order of 1 eV, we obtain
Cp/Cy~=3%X10" which compares reasonably well
with the value — 5X10 given by Stringfellow.
Mathon and Wohlfarth® also calculated the tem-
perature dependence of C. They used the improved
RPA approximation given by Izuyama and Kubo.?
For the case of a simple cubic lattice they obtained
results similar to ours for values of the interac-
tion parameter of the same order of the bandwidth
W. This is not too surprising since the difference
between the /-matrix approximation and the RPA
is only manifested for large values of the interac-

(1+ 26¢F) (%)2. (5.3)
1
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tion parameter V, as we have discussed in I,

We have obtained an expression [Eq. (2.23)] for
the coefficient C for the spin-wave energy at finite
temperature, In obtaining this we have neglected
self-consistency effects. Although this problem
has been treated by Roth’ in the case of a simple
cubic lattice, we have not been able to do so with
a more realistic band structure like ours, We
believe that we have taken the most important ef-
fects into account. Because of our band structure
with the characteristic peakinthedensity of states,
we have been able to obtain a simple analytic form
of the ¢ matrix [Eq. (3.15a)] as a function of en-
ergy. It is found that both the ¢ matrix and the
self-energy are independent of momentum within
our model. Because of this we were able to do the
integrals and differentiations to obtain an expres-
sion for the temperature-dependent part of C. Al-
though the zero temperature self-energy is slowly
varying with respect to energy, its temperature-
dependent part is rapidly varying and was taken
into account in the calculation of C,. Also it was
shown that the energy dependence of = cannot be
neglected in the evaluation of C;. In the final
evaluation of C; the functions N(e), I(e), and g(e)

were fitted to simple algebraic functions with
which integrals can be done. The final result for
Cy turns out to be negative as expected, although
it is possible for it to be positive for some other
band structure.® In this respect, calculations of
Cr should be done with other values of the param-
eters R, €5, and V., These calculations are

fairly straightforward although they involve sub-
stantial computation time. Because of the assump-
tion of a single band, there should not be too much
emphasis placed on the exact numerical value of
Cr, although we have managed to obtain reasonable
agreement with experiment. One should follow up
this calculation with a many-band calculation, It
is hoped that we shall be able to do this in the near
future.
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